The dynamical behaviour of near by trajectories is being estimated by Lyapunov Characteristic Exponents(LCEs) in the Generalized Photogravitational Chermnykh-Like problem. It is found that the trajectories of the Lagrangian point L 4 move along the epicycloid path, and spirally depart from the vicinity of the point. The LCEs remain positive for all the cases and depend on the initial deviation vector as well as renormalization time step. It is noticed that the trajectories are chaotic in nature and the L 4 is asymptotically stable. The effects of radiation pressure, oblateness and mass of the belt are also examined in the present model.
Introduction
In present paper our aim is to obtain trajectories of L 4 and is to estimate the rate of deviation for initially closely related trajectories in the modified restricted three body problem model(as in Kushvah (2008 Kushvah ( , 2009a ) with radiation from Sun, oblateness of the second primary(massive body) and influence of the belt. It is supposed that the primary bodies and a belt are moving in a circular orbits about the common center of mass of both primaries. First time such problem was discussed by Chermnykh (1987) and its importance in astronomy has been addressed by Jiang and Yeh (2004a) . More generalized cases of the problem were studied by many scientists such as Jiang and Yeh (2004b) , Papadakis (2004) , Papadakis (2005) and Jiang and Yeh (2006) ; Yeh and Jiang (2006) . The effect of radiation pressure, Poynting-Robertson(P-R)drag and oblateness on the linear stability and nonlinear stability of the L 4(5) have been discussed by Kushvah and Ishwar (2006) ; Kushvah et al. (2007a,b,c) . In our article Kushvah (2010) , we have described the design of the trajectory and analysis of the stability of collinear point L 2 in the Sun-Earth system.
The first fundamental article about LCN's was written by Oseledec (1968) in their study of the ergodic theory of dynamical system and Benettin et al. (1980) presented explicit methods for computing all LCEs of a dynamical system. Then Jefferys and Yi (1983) examined stability in the restricted problem of three bodies with Liapunov Characteristic number. First time Wolf et al. (1985) presented an algorithm with FORTRAN code that allows to estimate non-negative Lyapunov Exponents(LEs) from an experimental time series. Sandri (1996) have presented method for numerical calculation of Lyapunov Exponents for a smooth dynamical system with Mathematica [Wolfram (2003) ] code. Tancredi et al. (2001) compared two different methods to compute Lyapunov Exponents(LEs). They have shown that since the errors are introduced in the renormalization procedure, it is natural to expect a dependency of the estimated LCEs with the number of renormalization performed in the sense that the smaller the step the worse the estimation. In his study they made conclusion that the two-particle method is not recommended to calculate LCEs in these cases where the solution can fall in a region of regular or quasi regular solution of the phase space. For a region of strong stochastically the LCEs calculated with the two-particle method gives acceptable value. This paper is organized as follows: In section 2, we state the model of the dynamical system and compute the trajectories of L 4 . Section 3 gives method to compute the LCEs, where subsection 3.1 presents the first order LCEs for various set values of parameters, time ranges and renormalization time steps. Section 4 presents comment about stability using trajectories of L 4 . Lastly, section 5 concludes the paper.
Trajectory of L 4
It is supposed that the motion of an infinitesimal mass particle be influenced by the gravitational force from the two primaries(massive bodies) and a belt of mass M b . We also assume that infinitesimal mass does not influence the motion of the two massive bodies which move in circular orbit under their mutual gravitational attraction. Let us assume that m 1 and m 2 be the masses of the bigger and smaller primary respectively, m be the mass of the infinitesimal body. The units are normalized by supposing that the sum of the masses to be unity, the distance between both massive bodies to be unity. The rotating frame normalized to rotate with unit angular velocity and the time is normalized in such a way that the time for one period as a unit so that, the Gaussian constant of gravitational k 2 = 1. For the present model, perturbed mean motion n of the primaries is given by n 2 = 1 +
3/2 , where T = a + b, a, b are flatness and core parameters respectively[as in Yeh and Jiang (2006) ] which determine the density profile of the belt; where r 2 c = (1 − µ)q 2/3 1 + µ 2 , A 2 = r 2 e −r 2 p 5r 2 is the oblateness coefficient of m 2 ; r e , r p are the equatorial and polar radii of m 2 respectively, r is the distance between primaries and the radius of the belt; µ = m 2 m 1 +m 2 is a mass parameter;
is a mass reduction factor and F p is the solar radiation pressure force which is exactly apposite to the gravitational attraction force F g . In a rotating reference frame the coordinates of m 1 and m 2 are (−µ, 0) and (1 − µ, 0) respectively. We consider the model proposed by Miyamoto and Nagai (1975) , and equations of motion are given as in Kushvah (2008) and Kushvah (2009a) 
where
The parameter W 1 is considered due to P-R drag[more review in Poynting (1903) , Robertson (1937) , Chernikov (1970) , Murray (1994) and Kushvah (2009b) ]. Where r 1 , r 2 are the distances of m from first and second primary respectively. The dimensionless velocity of the light is supposed to be c d = 299792458. Then from equations (1) and (2) energy integral is given as:
where the quantity E is an energy integral related to the Jacobi's constant C(= −2E).
For numerical computation of equilibrium points, we divide the orbital plane Oxy into three parts x ≤ −µ, −µ < x < 1 − µ and 1 − µ ≤ x with respect to the primaries. For the simplicity, we set µ = 9.537 × 10 The equations (1-2) with initial conditions
, x ′ (0) = y ′ (0) = 0 are used to determine the trajectories of L 4 for different possible cases. At at time t = 0, the origin of coordinate axes is supposed at the equilibrium point.
In the present model all the computed trajectories of the L 4 follow approximately the same path described by an epitrochoid whose parametric equations are given as:
where a 1 is radius of a fixed circle, b 1 is radius of rolling circle and d 1 is distance form center of rolling circle to to the point(x(t), y(t)) which forms a trajectory. It is evident from above equations that if d 1 depends on time then orbit is unstable and trajectory moves spirally outward the vicinity of the initial point. 
It is clear from frames(a-c) that the trajectory moves along approximately epicycloid path, when t increases it departs form the vicinity of L 4 . The region of stability shrinks and trajectory moves along a single cusped epicycloid, then it departs far from the initial point. Hence oblateness effect is significant factor to reducing the stability region.
Lyapunov Characteristic Exponents(LCEs)
It is well known that, if LCE> 0 for some initial conditions which indicates the trajectory of initial condition is unstable. If LCE= 0 for some values of initial conditions the orbit is neutrally stable and which corresponds to regular motion. If LCE< 0, the corresponding orbit is asymptotically stable. Now suppose S be a 4-dimensional phase space such that
T ran } , then the time evaluation of the orbit is governed by the equationẊ
where D = ∂ ∂X and
The dynamical system is described by the Hamiltonian H which depends on Jacobian constant and given by
where p x , p y are the momenta coordinates given bẏ
Consider v = (δx, δy, δp x , δp y ) be a deviation vector from initial condition X(0) such that ||v 0 || = 1. Then the variational equation is giveṅ
where superscript t over partial derivatives of U indicates their respective values at t etc. Then the Lyapunov Characteristic Exponent is given by
For numerical computation of LCEs we use method presented in Skokos and Gerlach (2010) and Skokos (2010) . To avoid overflow in numerical computation, we partition the closed interval I = [t 0 , T max] into n 1 sub intervals with time step ∆t and the time to run from 0 to T max i.e.
then equation (11) can be written as λ(v(t)) = lim
where α(t k ) = ||v(t k )||. To determine first order LCEs in next section, we will use initial vector X ( figure 4 , at each step v(t k ) will be evaluated from (6,10) using X(t k−1 ) and unit deviation vectorv(t k−1 ) = V (t k−1 )(say).
First Order LCEs
Now consider R 4 = LD 1 , R 3 = LD 2 , R 2 = LD 3 and R 1 = LD 4 spaces such that LD 1 ⊃ LD 2 ⊃ LD 3 ⊃ LD 4 . To find the first order LCE(λ i ), (i = 1, 2, 3, 4), we choose initial unit deviation vectors from LD 1 \LD 2 : v 11 = (1/2, 1/2, 1/2, 1/2), v 12 = (0,
), v 14 = (0, 0, 0, 1). The values of LCEs are presented in log-log plot figure 5 for t = 0 − 10000 when q 1 = 0.75, A 2 = 0.25, M b = 0.25 left panel corresponding to ∆t = 1 and right for ∆t = 2. Initially the values of LCE(λ 1 ) are different, they are shown by curves(I)-(IV) correspond to four vectors respectively, but when t increases they merge into a single curve. To obtain LCE(λ 2 ), we choose initial unit deviation vectors from LD 2 \LD 3 such that v 21 = ( Note.
-The values of LCEs depend on time step for normalization more than the initial deviation vector.
Stability of L 4
Now we suppose that the coordinates (x 1 , y 1 ) of L 4 are initially perturbed by changing x(0) = x 1 + ǫ cos(φ), y(0) = y 1 + ǫ sin(φ) where φ = arctan y(0)−y 1 x(0)−x 1 ∈ (0, 2π), 0 ≤ ǫ < 1; φ indicates the direction of the initial position vector in the local frame. For simplicity, it is supposed that ǫ = 0.001 and φ = π 4
. We solved (1, 2) numerically using above perturbed initial point and plotted figure 11 when A 2 = 0.0, which shows that the orbit of test particle and its energy constant. When q 1 = 0.75 we have panels(I&II) and q 1 = 0.50 then (III&IV) in which (I&III) describe the trajectory and (II&IV) correspond to energy integral E. It is clear from the orbit that initially trajectory moves in epicycloid path described by (4, 5) without deviating far from L 4 and energy constant remains negative; but after a certain time it moves spirally outward from the region and energy constant becomes positive. increases. Then form Ryabov and Yankovsky (2006) , it is found that as the attracting particle recedes that is the ratio re r 1 diminishes, the difference between the attraction of spheroid and that of a sphere will decrease and, if r(or r 1 ) is very large in comparison with r e , the spheroid will exert a force that practically coincided with that of a sphere. If A 2 = 0.5 i.e. very large value then r e > r(hypothetically) then second primary becomes a thin flat disk. In this case the both primaries have no separate gravitational attraction so they act like a single body and its sphere of influence is common with very large radius, that attracts perturbed point. Since perturbed point L 4 is supposed in the equatorial plane of second primary, so the attraction of the oblate spheroid(equatorial bulge) upon L 4 at a given distance from the centre of primary is greater than that of a sphere of equal mass(A 2 = 0.0) which has been proved by Moulton (1960) . The effect of oblateness can be seen in frame(c) of figure 2 and in frame(I) of figure 12, where attraction of the equatorial bulge of the second primary increases with A 2 . Hence from above discussion we can say that if A 2 = 0.50(hypothetically), the trajectory suddenly moves from the vicinity 
Conclusion
We have obtained the trajectories of L 4 and its perturbed point, for various set values of parameters. It is found that the trajectories move along the epicycloid path upto a certain time then they move spirally outward from the vicinity of the point. From the first order Lyapunov Characteristic Exponents(LCEs), we have seen that the behaviours of trajectories are stochastic. It is also found that the radiation pressure, mass of the belt and oblateness are significant effects, they reduce the stability region and increase the stochasticity in the system. It is also found that if A 2 = 0.50(hypothetically), the trajectory suddenly moves from the vicinity of L 4 as the time increase. 
